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ABSTRACT
The imposition of inhomogeneous Dirichlet (essential) boundary conditions is a fundamental
challenge in the application of Galerkin-type methods based on non-interpolatory functions,
i.e., functions which do not possess the Kronecker delta property. Such functions typically are
used in various meshfree methods, as well as methods based on the isogeometric paradigm.
The present paper analyses a model problem consisting of the Poisson equation subject to non-
standard boundary conditions. Namely, instead of classical boundary conditions, the model
problem involves Dirichlet- and Neumann-type nonlocal boundary conditions. Variational for-
mulations with strongly and weakly imposed inhomogeneous Dirichlet-type nonlocal conditions
are derived and compared within an extensive numerical study in the isogeometric framework
based on non-uniform rational B-splines (NURBS). The attention in the numerical study is paid
mainly to the influence of the nonlocal boundary conditions on the properties of the considered
discretisation methods.

1. Introduction
The problem of imposing inhomogeneous Dirichlet (essential) boundary conditions is well-known in the context

of Galerkin-type meshfree methods. Such methods, as the element-free Galerkin (EFG) method [1], the reproducing
kernel particle method (RKPM) [2] or the corrected smooth particle hydrodynamics (CSPH) method [3] use basis
functions which do not satisfy the Kronecker delta property, i.e. a basis function associated with a particle does not
necessarily vanish at other particles. Due to the non-interpolatory nature of the basis functions, the imposition of
inhomogeneous Dirichlet boundary conditions in the meshfree approaches is not as straightforward as, for example, in
the finite element method based on the classical interpolatory functions.

There exist many techniques for the imposition of classical essential boundary conditions in meshfree methods. For
example, the applications of Lagrange multipliers [1], modified variational principles [1, 4], penalty methods [5–7],
perturbed Lagrangian [8], modifying meshfree basis functions [9–14], or coupling meshfree approaches and mesh-
based techniques (namely, finite elements) [15–18] can be mentioned. A novel method to treat Neumann and Dirichlet
boundary conditions in meshfree methods for elliptic equations using nodal integration is presented in [19].

Non-interpolatory basis functions, such as non-uniform rational B-splines (NURBS), are also used in isogeometric
analysis (IGA) [20, 21]. IGA is a computational technique which has been proposed with the aim to establish a
direct connection between computer-aided design (CAD) and engineering analysis. Currently, the methods based on
the isogeometric paradigm receive a lot of attention in the literature. A review of the mathematical foundation and
recent results related to IGA can be found in [22–24]. Some trends and developments of IGA, as well as computer
implementation aspects, are summarised in [25].

The imposition of inhomogeneous essential boundary conditions in the IGA framework is considered frequently
(see e.g. [26–30]). A strong (direct) imposition is a possible way to treat such conditions, but weak imposition meth-
ods often are more efficient. For example, a weak imposition of essential boundary conditions is superior to strong
imposition when solving various problems in fluid mechanics [31, 32]. In several situations considered in isogeomet-
ric analysis the imposition of boundary or coupling conditions is non-trivial, e.g., when the domain is composed of
trimmed patches [33] or when the boundary of the physical domain is described as a curve or surface immersed in a
regular grid [34–36].
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Weak methods for the imposition of inhomogeneous essential boundary conditions in the context of meshfree
methods usually are based on a certain modification of the basis functions (see e.g. [9, 15, 17]) or on a modification
of the variational formulation of the problem. The well-known examples of methods from the latter class are the
Lagrange multiplier method, the penalty method and Nitsche’s method. The Lagrange multiplier method is general
and can be applied to the solution of various problems. However, it has some significant disadvantages, cf. [37, 38],
among them is the difficulty of choosing a suitable Lagrange multiplier space. The penalty and Nitsche’s methods are
attractive alternatives to the Lagrange multiplier method. A Nitsche formulation for spline-based finite elements has
been applied to second- and fourth-order problems in [39].

The present paper deals with amodel problem for Poisson equation with non-standard boundary conditions. Instead
of the classical Dirichlet or Neumann boundary conditions, we consider a model problem involving nonlocal boundary
conditions which can be used in order to express various nonlocal couplings between different parts of the model ge-
ometry. Such conditions, sometimes also called side conditions, appear in various mathematical models. For example,
the models arising in thermoelasticity [40], thermodynamics [41], biological fluid dynamics [42], plasma physics [43],
geology [44] or peridynamics [45] should be mentioned. Nonlocal multipoint constraints are used in the finite element
analysis related to structural mechanics [46, 47]. A steady Poisson equation endowed with a generalised Robin bound-
ary condition involving a Laplace–Beltrami operator on the boundary has been analysed in [48]. Overlapping Schwarz
methods are based on a coupling the boundary of one subdomain with the interior of another subdomain, which is then
solved iteratively. This approach has been applied in the isogeometric context in [49]. In [50], this coupled problem on
overlapping subdomains (called overlapping multi-patch structure) is solved all at once. Hence, the coupling, which
is performed point-wise at Greville abscissae, can be interpreted as an imposition of nonlocal constraints on parts of
the boundary of each subdomain.

The main focus of this paper is the imposition of nonlocal boundary conditions for Galerkin methods using non-
interpolatory basis functions. We investigate computationally the effects that such conditions have on the properties
of the methods. While the numerical study is performed in the IGA framework, at least some of the insights can be
applied in the context of other discretisation approaches too.

The paper is organised as follows. In Section 2, we formulate the model problem with nonlocal boundary con-
ditions. Several variational formulations of the model problem are given in Section 3. We apply methods for the
imposition of inhomogeneous Dirichlet-type nonlocal boundary conditions in the IGA context. Therefore, in Sec-
tion 4 we shortly review the basic concepts and ideas used in IGA. The discretised equations are given in Section 5,
and the results of the numerical study are presented in Section 6. Finally, we conclude the paper in Section 7 with a
summary and several remarks.

2. Model problem
Partial differential equations (PDEs) with nonlocal boundary conditions receive a lot of attention in the literature

from the point of view of both their theoretical investigation (see e.g. [51, 52]) and their numerical analysis (see [53, 54]
and references therein).

In this paper we consider, as amodel problem, the two-dimensional Poisson equationwithmixed nonlocal boundary
conditions: Find a function u ∶ Ω → ℝ, such that

⎧

⎪

⎨

⎪

⎩

−∇ ⋅ (�∇u) = f in Ω, (a)
u + 1[u] = g on ΓD, (b)
�∇u ⋅ n + 2[u] = ℎ on ΓN , (c)

(1)

whereΩ ⊂ ℝ2 is an open and bounded domain with Lipschitz boundary )Ω ≡ Γ = ΓD ∪ ΓN , ΓD∩ΓN = ∅, ΓD ≠ ∅, n
is the outward normal unit vector on )Ω, � ∶ Ω→ ℝ, f ∶ Ω→ ℝ, g ∶ ΓD → ℝ and ℎ ∶ ΓN → ℝ are given functions,
1 ∶ H1(Ω) → ℝ and 2 ∶ H1(Ω) → ℝ are given linear functionals. We refer to (1b) and (1c) as Dirichlet- and
Neumann-type nonlocal boundary conditions, respectively.

The linear functionals 1 and 2 define nonlocal parts of the boundary conditions. Various functionals can be
used in order to express different types of nonlocal couplings. For example, the functional

[u] =
∑

l
lu(x∗l ) (2)
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for x∗l ∈ Ω represents discrete coupling, while the functional

[u] = ∫Ω
u dΩ (3)

corresponds to more general integral coupling. The weights l and  are constants or functions measuring (controlling)
the influence of the functionals.

Even though point evaluations are not well-defined in H1, that means they are not suitable for the variational
formulation we introduce in the following section, we can nonetheless mimic a point evaluation at x∗l by introducing asuitable integral coupling. Let ��l ∈ C∞(Ω) be such that supp ��l ⊆ V�(x∗l ) ∩ Ω, where V�(x∗l ) is the �-neighbourhoodof x∗l , and

∫Ω
��l dΩ = l.

Then the integral coupling functional as in (3)

�[u] =
∑

l
∫Ω

��l u dΩ

is well-defined for u ∈ H1(Ω) and approximates the discrete coupling functional in (2). If u is sufficiently smooth,
i.e. u ∈ H1+"(Ω), then lim�→0 �[u] is also well-defined and is equal to the discrete coupling functional in (2) for all
continuous u.

Note that the existence and uniqueness of the solution to a boundary value problem with nonlocal boundary con-
ditions is non-trivial, as one can see considering the following simple problem: Find u ∶ [0, 1]→ ℝ, such that

u′′ = f in Ω = (0, 1)
and

u + [u] = 0 on )Ω,
with

[u] = −∫

1

0
u dΩ.

For any solution u(x) and constant �, the function u(x) + � also solves the problem. Hence, it has no unique solution.
A similar situation is depicted for a specific choice of the functional [u] in Fig. 10 (see Section 6).

A full theoretical investigation of the model problem (1) and its variational formulation is beyond the scope of this
paper. In fact, the existence and uniqueness of the solution might be difficult to prove for such problems formulated on
general domains. Existence and uniqueness studies are presented, for example, in papers [51, 52]. In this paper, we
assume that the model problem (1) has a unique, sufficiently smooth solution.

3. Variational formulations
In this section, we present several variational formulations of the model problem (1). In particular, the variational

formulations based on a strong or a weak imposition of the inhomogeneous Dirichlet-type nonlocal boundary condition
(1b) are given.
3.1. Strong imposition of Dirichlet-type nonlocal boundary conditions

Let us introduce the trial function space
 = {u ∈ H1(Ω) ∶ u + 1[u] = g on ΓD}

and the test function space
 = {w ∈ H1(Ω) ∶ w = 0 on ΓD}.
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In this way, the Dirichlet-type nonlocal boundary condition (1b) is built into the space of trial functions, i.e. this
condition is imposed strongly.

After multiplying (1a) by w ∈  and integrating by parts, the identity
−∫Ω

�∇w ⋅ ∇u dΩ + ∫Γ
w(�∇u ⋅ n) dΓ + ∫Ω

wf dΩ = 0 (4)
is obtained. Then, the Neumann-type nonlocal boundary condition (1c), as well as the constraint (homogeneous bound-
ary condition) w|ΓD = 0, is applied, and the variational formulation of problem (1) is given as follows: Find u ∈ 
such that

a(w, u) = l(w) ∀w ∈  , (5)
where

a(w, u) = ∫Ω
�∇w ⋅ ∇u dΩ + ∫ΓN

w2[u] dΓ

and
l(w) = ∫Ω

wf dΩ + ∫ΓN
wℎ dΓ.

The variational formulation (5) is consistent with the strong form (1), i.e. the exact solution u of the problem (1) is
also the solution of the variational problem (5).
3.2. Weak imposition of Dirichlet-type nonlocal boundary condition

For a weak imposition of the inhomogeneous Dirichlet-type nonlocal boundary condition (1b), methods based on
modifications of the identity (4) can be used.

Let us assume now that the trial and test function space both are H1(Ω), i.e.  =  = H1(Ω). That is, the
inhomogeneous Dirichlet-type nonlocal condition is no longer enforced in the trial function space nor the homogeneous
classical Dirichlet condition is enforced in the test function space. Instead, the identity (4) is modified by augmenting
it with two additional terms:

− ∫Ω
�∇w ⋅ ∇u dΩ + ∫Γ

w(�∇u ⋅ n) dΓ + ∫Ω
wf dΩ

+ � ∫ΓD
(�∇w ⋅ n)(u + 1[u] − g) dΓ − � ∫ΓD

w(u + 1[u] − g) dΓ = 0,

where � is the penalty parameter (a positive constant), and the constant � = 0 or 1. If � = 0, we have the so-called
penalty method, while the method with � = 1 is referred to as Nitsche’s method. The variational formulation of the
problem (1) now is stated as follows: Find u ∈ H1(Ω) such that

a(w, u) = l(w) ∀w ∈ H1(Ω), (6)
where

a(w, u) = ∫Ω
�∇w ⋅ ∇u dΩ + ∫ΓN

w2[u] dΓ − ∫ΓD
w(�∇u ⋅ n) dΓ

− � ∫ΓD
(�∇w ⋅ n)(u + 1[u]) dΓ + � ∫ΓD

w(u + 1[u]) dΓ

and
l(w) = ∫Ω

wf dΩ + ∫ΓN
wℎ dΓ − � ∫ΓD

(�∇w ⋅ n)g dΓ + � ∫ΓD
wg dΓ.

The variational formulation (6) is consistent with the strong formulation of the problem (1).
In case of classical boundary conditions (1 ≡ 0,2 ≡ 0), � = 1 ensures the symmetry of the bilinear form a(w, u).

In case of nonlocal conditions, the bilinear form a(w, u), in general, is non-symmetric. Asymmetry is a typical property
of nonlocal problems and their discretisations. However, as we will see from the results obtained by our numerical
study, in comparison to the penalty method (� = 0), the terms with � = 1 (Nitsche’s method) can slightly increase the
accuracy of the results.
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4. Isogeometric analysis: a brief overview
The numerical experiments will be performed in the isogeometric framework. Therefore, a brief overview of the

concepts and ideas used in isogeometric analysis is given in this section. First of all, B-splines and NURBS, which
are the basic computer-aided geometric design (CAGD) tools applied in IGA, are introduced. Then, the isoparametric
approach for the approximation of an unknown solution is shortly described. A comprehensive description of NURBS,
their properties and related algorithms can be found, for example, in [55, 56]. For more details related to IGA, see [20].
4.1. B-splines and NURBS

First of all, let us define B-splines, which are progenitors of NURBS. A finite sequence of non-decreasing real
values Ξ = (�1, �2,… , �n+p+1), with �i < �i+p for all i ∈ {2,… , n} and, without loss of generality, �1 = 0 and
�n+p+1 = 1, is called a knot vector. Here p is the polynomial order (degree) of the B-spline basis functions and n is
the number of basis functions. A knot vector in which the first and last knot values are repeated p + 1 times is called
an open knot vector. Such knot vectors satisfy simple interpolation properties for function value and derivatives up
to order p and therefore play an important role both in CAGD and IGA. For a given knot vector Ξ, the B-spline basis
functions of degree zero are defined as

Ni,0(�) =
{1 if �i ⩽ � < �i+1,
0 otherwise.

For p > 0, the B-spline basis functionsNi,p(�) can be constructed by the Cox–de Boor recursive formula

Ni,p(�) =
� − �i
�i+p − �i

Ni,p−1(�) +
�i+p+1 − �
�i+p+1 − �i+1

Ni+1,p−1(�),

with the convention 0
0
= 0.

Let Ξ = (�1, �2,… , �n+p+1) and, in the two-dimensional case,  = (�1, �2,… , �m+q+1) be the knot vectors, where
p and q are polynomial orders of B-splines, and n and m are numbers of basis functions. Then, the univariate and
bivariate NURBS basis functions are defined as follows:

Rpi (�) =
!iNi,p(�)

∑n
î=1 !îNî,p(�)

and

Rp,qi,j (�, �) =
!i,jNi,p(�)Mj,q(�)

∑n
î=1

∑m
ĵ=1 !î,ĵNî,p(�)Mĵ,q(�)

,

where !i and !i,j are weights (real positive numbers), Ni,p and Mi,q are the B-spline basis functions defined over
the knot vectors Ξ and , respectively. The NURBS curves and surfaces are constructed as linear combinations of
NURBS basis functions:

C(�) =
n
∑

i=1
BiR

p
i (�)

and

S(�, �) =
n
∑

i=1

m
∑

j=1
Bi,jR

p,q
i,j (�, �),

where Bi and Bi,j ∈ ℝd (d = 2, 3) are the control points. Since B-splines can be interpreted as NURBS where all
weights are equal, we use the notationN(�) to refer to both B-splines and NURBS.
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In order to impose the Dirichlet-type nonlocal boundary condition (1b) strongly, we use Greville abscissae [57],
which are well-known in the CAGD literature and which are widely used in isogeometric collocation methods [58, 59].
For a given knot vector Ξ, the Greville abscissae are n points defined as

�i =
1
p
(�i+1 + �i+2 +⋯ + �i+p).

The Greville abscissae naturally correspond to basis functions. The basis function Ni,p attains its maximum close
to the Greville abscissa �i, which is given by the average of the inner knots that define Ni,p. The Greville abscissaecorresponding to the knot vector  are defined in the same way. Consequently, one can define Greville abscissae
(�i, �j) corresponding to tensor-product basis functions Np,q

i,j . When using open knot vectors, the Greville abscissae
on the boundary of the domain belong to those basis functions, that have non-vanishing support on the boundary.
4.2. Isogeometric approximation

Let us assume that the physical domain (model geometry) Ω ⊂ ℝ2 is represented by the geometrical mapping
x ∶ Ω̂ → Ω,

where Ω̂ ⊂ ℝ2 is the parametric domain (in our setting we always assume Ω̂ = (0, 1)2). We also assume that this
mapping is invertible, i.e. there exists the inverse mapping

x−1 ∶ Ω→ Ω̂,

in short, we write �(x) for the inverse. In terms of the basis functions, the geometrical mapping is given as
x(�) =

∑

A∈�s
xANA(�),

where xA are the control points and �s is the index set.
Note that in isogeometric analysis the physical domain is often represented by a collection of subdomains, so-called

patches. These patches are often trimmed, i.e., their parametric domain is not a full rectangle (or cuboid) but only a
part of it, which is usually implicitly defined. We would like to point out, that the imposition of boundary conditions on
trimmed domains is usually also performed weakly, see [60]. Similarly, coupling between patches may be performed
weakly.

The approximation of the unknown solution u in the parametric domain Ω̂ is given by
ûℎ(�) =

∑

A∈�s
uANA(�),

where uA are the control variables. In the physical domain Ω, the approximation of u is expressed by using the push-
forward:

uℎ(x) = ûℎ◦x−1 =
∑

A∈�s
uANA(�(x)).

The control variables u = {uA} are determined by solving the linear system
Ku = f ,

where K is the global left-hand side matrix, f is the global right-hand side vector. The matrix K and vector f can be
assembled using either a Galerkin or a collocation method. The details of the configurations we consider are presented
in the following section.
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5. Discretisations of variational formulations
In this section, the variational formulations presented in Section 3 are discretised. The expressions of the global

left-hand side matrices and the right-hand side vectors of the resulting discrete linear systems are given.
Let us assume that ℎ and ℎ are the discrete counterparts of the trial function space  and the test function space

 defined in Section 3 (ℎ ⊂  , ℎ ⊂ ). The approximate solutions of the considered variational problems (5) and
(6) are represented as

uℎ = vℎ + gℎ,

where
vℎ =

∑

A∈�s⧵�sg

uANA(x),

and gℎ = Πℎg is the interpolant or projector of the function g onto the space of basis functions that are supported on
the boundary ΓD and satisfy a nonlocal constraint (1b). The interpolant (projector) is expressed as

gℎ =
∑

A∈�sg

gANA(x),

where �sg is the set containing all indices of the basis functions supported on the boundary ΓD, corresponding to
Greville abscissae on the boundary.

In the IGA framework, the interpolant Πℎg can be constructed by using the interpolation at the mapped Greville
abscissae in the physical domain, the images of the Greville abscissae � under the geometrymapping. The interpolation
conditions

Πℎg(x(�)) = g(x(�))

must be satisfied at the Greville abscissae � associated with the Dirichlet boundary ΓD.Another approach to obtain Πℎg is based on the computation of L2-projection:

∫ΓD
wℎ

(

Πℎg − g
)

dΓ = 0 ∀wℎ ∈ ℎ.

When the Dirichlet-type nonlocal boundary condition (1b) is imposed strongly, the control variables in the expres-
sions of vℎ and gℎ are determined by the linear system

[

K(1) 0
K(2)

]

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
≕Ks

{

uf
ug

}

=
{

f
g

}

,

where
uf = {uA}, A ∈ �s ⧵ �sg ,

ug = {gA}, A ∈ �sg ,

K(1) = [K (1)
AB], K (1)

AB = ∫Ω
�∇NA ⋅ ∇NB dΩ + ∫ΓN

NA2[NB] dΓ, A, B ∈ �s ⧵ �sg ,

f = {fA}, fA = ∫Ω
NAf dΩ + ∫ΓN

NAℎ dΓ, A ∈ �s ⧵ �sg .

(7)

However, the structure of the matrix K(2) and the vector g depends on the method which is used for the imposition of
the inhomogeneous Dirichlet-type nonlocal boundary condition. In case of the interpolation at the mapped Greville
abscissae, K(2) and g are expressed as

K(2) = [K (2)
AB], K (2)

AB = NB(x(�A)) + 1[NB](x(�A)), A ∈ �sg , B ∈ �s,

g = {gA}, gA = g(x(�A)), A ∈ �sg .

https://doi.org/10.1016/j.camwa.2020.09.016 Page 7 of 21
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If L2-projection is applied, then
K(2) = [K (2)

AB], K (2)
AB = ∫ΓD

NA(NB + 1[NB]) dΓ, A ∈ �sg , B ∈ �s,

g = {gA}, gA = ∫ΓD
NAg dΓ, A ∈ �sg .

The weak imposition of the inhomogeneous Dirichlet-type nonlocal boundary condition (1b) leads to the linear
system

(K(1) −K(3) − �K(4) + �K(5))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≕Kw

u = f − �g(1) + �g(2),

where K(1) and f are defined as in (7) with indices A,B ∈ �s, and
K(3) = [K (3)

AB], K (3)
AB = ∫ΓD

NA(�∇NB ⋅ n) dΓ,

K(4) = [K (4)
AB], K (4)

AB = ∫ΓD
(�∇NA ⋅ n)(NB + 1[NB]) dΓ,

K(5) = [K (5)
AB], K (5)

AB = ∫ΓD
NA(NB + 1[NB]) dΓ,

g(1) = {g(1)A }, g(1)A = ∫ΓD
(�∇NA ⋅ n)g dΓ,

g(2) = {g(2)A }, g(2)A = ∫ΓD
NAg dΓ,

A, B ∈ �s.

In contrast to the standard practice in the finite element analysis using models involving classical boundary condi-
tions, the boundary control variables ug are solved at the same time as the interior control variables uf .Due to the nonlocal boundary conditions, the global left-hand sidematricesKs andKw, typically, are non-symmetric.
Some examples of their sparsity patterns will be presented in the next section.

6. Numerical study
In this section we present the results of the numerical study which was conducted in order to examine and compare

the methods for the imposition of inhomogeneous Dirichlet-type nonlocal boundary conditions.
6.1. Implementation details

The approximate solution methods for the model problem (1) have been implemented using GEOPDES (version
3.1.0), a free IGA software suite [61, 62]. GEOPDES can be launched both in MATLAB and GNU OCTAVE environ-
ments.

The two-dimensional (d = 2) problems with different (discrete or integral) nonlocal boundary conditions and the
manufactured solution

u(x, y) = exp (x) ⋅ y,

see Fig. 1, were analysed. The diffusivity coefficient in (1a) was assumed to be �(x, y) ≡ 1. The problems were
formulated on a quarter of a ring with the inner radius being equal to 1 and the outer radius equal to 2 (see Fig. 2). The
boundary part for the Neumann-type nonlocal boundary condition (1b) was assumed to be

ΓN = {(x, y) ∶ 1 ⩽ x ⩽ 2, y = 0} ∪ {(x, y) ∶ x = 0, 1 ⩽ y ⩽ 2},

while the Dirichlet-type nonlocal boundary condition (1b) was imposed on the rest of the boundary Γ (ΓD = Γ ⧵ ΓN ).
The domain parameterisation distributed together with GEOPDES toolbox [62] in the file ring.mat was used.

Two cases of nonlocal boundary conditions (1b) and (1c) were considered:
https://doi.org/10.1016/j.camwa.2020.09.016 Page 8 of 21
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Fig. 1. The manufactured solution of the test problems. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Fig. 2. The description of the test problems.

Case 1 (Discrete conditions). 1[u] = 2[u] = u(1, 1)

Case 2 (Integral conditions). 1[u] = 2[u] =  ∫Ω
u dΩ

The role of the parameter (a real number)  is to control the influence of nonlocal terms. The case of  = 0
corresponds to the classical Dirichlet and Neumann boundary conditions (classical case). It is assumed that  = 1, if
it is not mentioned otherwise.

In order to enforce a nonlocal discrete coupling which involves the value of the unknown function at the point x∗
in the physical domain Ω (as defined by the functionals of Case 1), one needs to identify the corresponding point �∗
in the parametric domain Ω̂ by calculating the pull-back �∗ = x−1(x∗), i.e. by solving the equation x(�∗) = x∗. For
this, the standard MATLAB/GNU OCTAVE routine fsolve was used. Meanwhile, nonlocal integral couplings (as in

https://doi.org/10.1016/j.camwa.2020.09.016 Page 9 of 21
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Fig. 3. The control meshes (left) and the physical meshes (right) before (top) and after (bottom) k-refinement. The control points
are denoted as dots (red) and the images of the Greville abscissae associated with the boundary ΓD are denoted as stars (blue). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Case 2) can be implemented using the integration techniques which are typically applied in the IGA framework.
The numerical results presented in this section were obtained using NURBS of polynomial orders p = q = 2,

C1 continuity in both parametric directions and the physical mesh consisting of 10 × 10 knot spans. The control
and physical meshes before and after k-refinement [20, 21] are shown in Fig. 3. In all numerical experiments, the
integration was performed using a standard, element-wise, (p + 1) × (q + 1) tensor-product Gauss quadrature rule.
The penalty parameter � = 102 was used unless it is stated otherwise. The resulting linear systems, as a rule, are
dense therefore iterative solvers might not be efficient and direct solvers might be required. In the numerical study, the
linear systems were solved using the left division operator ’\’, which is standard both in MATLAB and GNU OCTAVE
environments.

The accuracy of the results was estimated using the L2-norm of the absolute error. The 2-norm condition number
cond (∙) = ‖ ∙ ‖2 ⋅ ‖ ∙−1 ‖2 was used to estimate the conditioning of the global left-hand side matrices.
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6.2. Results and discussion
In the numerical study we focused on the investigation of the previously described imposition methods for inhomo-

geneous Dirichlet-type nonlocal boundary conditions. In particular, we examine the influence of the penalty parameter
� as well as the influence of the nonlocal boundary conditions on the properties of the methods. The different methods
were compared in terms of their accuracy and conditioning.
Influence of the penalty parameter

The weak methods for the imposition of inhomogeneous Dirichlet-type nonlocal boundary conditions (the penalty
method and Nitsche’s method) depend on the penalty parameter � which controls the coercivity of the corresponding
bilinear form a(w, u). Too large values of the penalty parameter � yield a poorly conditioned global left-hand side
matrixKw. Therefore, it is necessary to find a suitable value of the penalty parameter � which guarantees the coercivity
of the bilinear form and leads to the desired accuracy of the numerical results.

We performed a parametric study to investigate the influence of the penalty parameter � on the accuracy and
conditioning of the methods applied to solve the problems with the classical and nonlocal boundary conditions.

Fig. 4 depicts the L2-norms of the absolute errors and the condition numbers of the global left-hand side matrices
obtained using the penalty and Nitsche’s methods with various values of the penalty parameter �. The L2-norms of
the absolute error values and the condition numbers obtained using the methods independent on the penalty parameter
are also referenced.

As one can see from Fig. 4 (top), the difference in the accuracy of the results obtained using two different methods
with strongly imposed inhomogeneous Dirichlet-type nonlocal boundary condition (the interpolation at the Greville
abscissae and the computation of L2-projection) is insignificant. However, the application of the interpolation at the
Greville abscissae leads to the methods with the global left-hand side matrices which has better conditioning (Fig. 4,
bottom). In fact, the method based on the interpolation at the Greville abscissae has the best conditioning among all
four investigated approaches.

Comparing the weak imposition methods, the results obtained using Nitsche’s method are slightly more accurate
than those obtained by using the penalty method, if the penalty parameter � ∼ 102 (Fig. 4, top). For smaller values of
� however, Nitsche’s method becomes more ill-conditioned and yields worse results. The difference becomes insignif-
icant with larger values of the penalty parameter. Fig. 4 (bottom) shows how the condition numbers of the resulting
global left-hand side matrices grow when the value of the penalty parameter � increases. It is also important to note,
that Nitsche’s method (which is variationally consistent for the problem with classical boundary conditions) does not
yield substantially better stability properties than the penalty method when nonlocal boundary conditions are enforced.

In Fig. 5, we present the absolute errors of the numerical solutions obtained using variousmethods of the imposition
of the inhomogeneous Dirichlet-type nonlocal boundary condition. Since the value of the penalty parameter � used
in the computations was quite large (� = 102), the numerical results obtained using the weak imposition methods in
terms of accuracy are comparable to those obtained when the discrete or integral Dirichlet-type nonlocal boundary
conditions are imposed strongly. Note that in comparison to the penalty and Nitsche’s methods, the strong imposition
methods result in lower errors at the boundary part for the Neumann-type boundary condition.

We investigated the convergence of the methods under knot refinement and degree elevation. The dependence of
the L2-error and of the condition number of the global left-hand side matrix on the number of control variables is
presented in Fig. 6. We see that optimal convergence is achieved in all cases, except the case of the weak imposition
methods with p = q = 2.

Note that the results in Fig. 6 have been obtained using the fixed penalty parameter (� = 102). However, the
optimal convergence rate might be recovered if the penalty parameter value is properly adapted during refinement. As
an example, penalty parameter values equalling the number of control variables (� ∼ 1∕ℎ2), following the suggestion
from [37], were used in the experiment presented in Fig. 7.
Influence of nonlocal boundary conditions

In comparison to the classical case, the appearance of nonlocal boundary conditions results in additional non-zero
elements in the global left-hand side matrices. Examples of the sparsity patterns of these matrices are presented in
Fig. 8. Note that the structure of the global left-hand side matrices is implementation-dependent. In Fig. 9, the sparsity
patterns of the symmetric reverse Cuthill–McKee orderings are depicted.

Table 1 presents the percentage of non-zero elements in the global left-hand side matrices and the bandwidths of
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Fig. 4. The dependence ofL2-norm of the absolute error values (top) and the condition numbers of the global left-hand side matrices
(bottom) on the values of the penalty parameter �. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

their standard and symmetric reverse Cuthill–McKee orderings. One can see that, in comparison to the classical case,
nonlocal boundary conditions increase the number of non-zero elements. The interpolation at the Greville abscissae
leads to the most sparse matrices, while the matrices obtained using the penalty and Nitsche’s methods are the densest.
Nonlocal integral boundary conditions increase the number of non-zero elements extremely and lead to full bandwidth
matrices.

A parametric study was performed with the aim to investigate how nonlocal conditions affect the conditioning of
the global left-hand side matrices Ks and Kw. The test problems were solved using various values of the parameter  .

Fig. 10 clearly shows that nonlocal boundary conditions have a negative effect on the conditioning of the global
left-hand side matrices. On the one hand, the condition numbers increase as the absolute value of the parameter  is
increased. On the other hand, the problem becomes ill-conditioned around special values of  , which are visible in the
spikes in Fig. 10. These values correspond to ill-posed problems or to problems which do not possess a unique solution
as described in Section 2. The global left-hand side matrices corresponding to the methods with strongly imposed
inhomogeneous Dirichlet-type nonlocal boundary conditions exhibit, in general, better conditioning in comparison to
the matrices corresponding to the methods in which nonlocal boundary conditions are imposed weakly.
https://doi.org/10.1016/j.camwa.2020.09.016 Page 12 of 21
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Fig. 5. The absolute errors of the numerical solutions obtained using different methods for the implementation of the inhomogeneous
Dirichlet-type nonlocal boundary conditions.
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Fig. 6. The dependence of theL2-error norms (top) and condition numbers of the global left-hand side matrices (middle and bottom)
on the total number of control variables (degrees of freedom) under the refinement using basis functions of different degree. For
the weak imposition methods we used a fixed penalty parameter �. Note that some lines are not visible. All methods except the
penalty and Nitsche’s method in the case p = q = 2 converge with the same rate. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. The dependence of the L2-error norms (top) and condition numbers of the global left-hand side matrices (bottom) on the
total number of control variables (degrees of freedom). We compared a fixed and varying penalty parameter �. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

7. Summary and concluding remarks
Imposing inhomogeneous Dirichlet (essential) boundary conditions is an important issue in computational ap-

proaches using non-interpolatory basis functions. Such functions are used in various meshfree methods, as well as in
isogeometric analysis.

In this paper, we considered a model problem consisting of the Poisson equation equipped with nonlocal boundary
conditions. Strong and weak methods for the imposition of Dirichlet-type nonlocal boundary condition were derived
and compared experimentally in the isogeometric framework. The influence of nonlocal boundary conditions on the
properties of the methods was investigated. Based on the results of numerical study, we derived the following conclu-
sions:
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Fig. 8. The sparsity patterns of the global left-hand side matrices. The non-zero entries arisen due to nonlocal boundary conditions
are marked in red. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 9. The sparsity patterns of the symmetric reverse Cuthill–McKee orderings of the global left-hand side matrices.
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Fig. 10. The dependence of the condition numbers of the global left-hand side matrices on the values of the parameter  . (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
The percentage of non-zero elements (nnz) and the bandwidth of the symmetric reverse Cuthill–
McKee orderings of the global left-hand side matrices. All the matrices are of size 144 × 144.

nnz (%) Bandwidth
Classical case
Interpolation 12.81 45
L2-projection 13.02 45
Penalty 14.06 45
Nitsche 14.06 45
Case 1 (Discrete conditions)
Interpolation 14.08 80
L2-projection 14.29 80
Penalty 15.34 80
Nitsche 15.91 95
Case 2 (Integral conditions)
Interpolation 41.67 135
L2-projection 41.67 135
Penalty 41.67 135
Nitsche 53.70 135
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• Variational formulations with weakly imposed inhomogeneous Dirichlet-type nonlocal boundary conditions depend
strongly on the choice of the penalty parameter. For small values of the penalty parameter, the accuracy is reduced.
For larger values of the penalty parameter, the accuracy is improved, at the cost of the conditioning of the problem.
The strong imposition method using the interpolation at the Greville abscissae has the best conditioning whereas
the smallest error is reached using Nitsche’s method, if the penalty parameter is selected properly.

• The appearance of nonlocal boundary conditions leads to an increased number of non-zero elements in the global
left-hand side matrix. The weak imposition of Dirichlet-type nonlocal boundary condition leads to slightly denser
global left-hand side matrices than those obtained when using the strong imposition methods. The global left-hand
sidematrices obtained when solving the problemwith the nonlocal integral condition are much denser in comparison
to the problems with nonlocal discrete boundary conditions.

• Numerical evidence indicates that nonlocal boundary conditions might have a negative influence on the conditioning
of the global left-hand side matrices.
Note that the density and structure of the resulting global left-hand side matrices also has an influence on the

preferred choice of the solver, whichmay be of interest for future studies. The theoretical investigation of the considered
variational formulations, as well as problems with nonlocal boundary conditions in general, is far from being a trivial
task. Usually, the application of the Lax–Milgram theorem in the standard H1 space is not possible. In some cases,
the existence and uniqueness of the solution in the standard function spaces can be proved using embedding theorems.
Otherwise, the introduction of special (weighted) function spaces is necessary. The reader is referred to [51, 52] for
some examples of such investigations, while the theoretical investigation of the variational formulations considered in
this paper is left as a future work.
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